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Adaptive Projected
Subgradient Method

- A Paradigm Shift 7 ~

Asymptotic Minimization of

Sequence of
unsmooth convex functions.

J
1. Unified View of Adaptive Algorithms.

Nonstationary adaptive filtering problems

2. Ideas for accerelation of convergence.




We consider

. Problem )
Minimize Asymptotically

O, : RY - [0,0),n € N, sequence of continuous
convex functions

Subject to h € K (CRY) closed convex set

where inf ©,(h) = 0 fixed target value.
hecK

N

Note: O, is not necessarily a sample of random
variable of which mean value is widely used as an
ideal cost function in standard adaptive filtering.




Ve propose
Adaptive Projected Subgradient Method

ot = P [in = an S O (o)

1. If It reproduces
Similar to the Newton’s method but
does not require any matrix inversion.

2. must be continuous
convex but not necessarily smooth.

3. Constraint h, € K can be imposed by
Convex Projection Py.




Subgradient:
a generalization of Gradient

Gradient

Subgradient

v




What is Convex Projection 7?7

> (X)

Pcv)



What can we say by

Adaptive Projected
Subgradient Method

ot = P [in = an  Siho O ()

?



T heorem Adaptive Projected Subgradient Method

(a) (Monotone approximation) Suppose
hn, & Q2 :=r{h e K|Ouh) =0 = mellr} @n(u)}.
u

= By using Van € (0,2(1- 5%+)),

() € Qu) s — RO < [~ B
(b) (Asymptotic minimization)

Suppose ©F =0, Vn > Ng and Q2 := [ Qp F#0.
n>Ng

= By an € [e1,2 — 5],
im_On(hy) =0 if (@%(hn))neN: bdd.
(c) (Convergence 1) Under conditions in (b), if @
has a relative interior w.r.t. some hyperplane,
= lim hp,=3heK.
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T heorem (Contd.)

(d) (Convergence 2) In addition to conditions in (b),
if 2 has an interior h satisfying

(Ve > 0,Vr > 0,36 > 0) inf On(hp) > 9,
d(hn,lev<g ©On) > &,
||h T hnH S r,
n > No
J

lim hp = dr € liminf €2,

n— 00 T— 0O

where

iminf <2, = |J ) 2.

oo n>0 k>n
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How can we design

Suitable ©,, for
Adaptive Filtering 7

Y

Imagine Ideal Situations !



Example 1

Suppose 5™ 5 B* (1 € Jn, m € N) with high probability.
Let @, =Kn () S"
LeEIn

Define
[ On(h) ;= ﬁé%x d(h, S,,( )) (<=unsmooth) J

h,+1:= Pk (hn + pn (ZLEIn wf”)PSL(n)(hn) — hn)) ,

Viun € [0,2M89)],
T, = {L € Tn : d(hn, S™) > d(hn, SI™),Vk € jn}.
( 2

2 hn % ﬂ,,ejn Sl,(n)a

mMaxXx
LEIn

| e o oy o=

1, otherwise.

L

0=

\
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Example 2
Suppose S\ 3 h* (L € Jn, n € N) with high probability.
Let Q=K Nn,eq ST,

- Define N
©n(h) ::% > cuf”’)ol(h,LS’L(n))2 (<=smooth)
LEIn
N J

hn—l—l — PK (hn —|— Un ( Z WL(n)PS(n)(hn) — hn>) ,
LEIn ‘

VIU’TL < [07 ]-M7(7Jl)]7

2
ZLEjn wb(n) HPS(n) (hn)—hn

) hn % ﬂl,Ejn Sb(n)a

MY =

HZLEJH C"’/(n)PSf”) (hn)—hn

1, otherwise.

\
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Example 3
Suppose S 5 h* (1 € Jn, n € N) with high probability.
Let Zp:={t € Tn: hn g S} and Q= K0 () 5™

LEL,
- Define 2
On(h) = % > wb(n)d(hn,SL(n))d(h, Sb(n)) («<=Unsmooth)
LELn,
N )
hn41 = Pk (hn + wn ( % w™ P (n)(hn) — hn)) :
LeTn

Yin € [O, 2M(”]
2

n) P hn)—h
2’ }l,n ¢ | |L€jn, Sl}(n)7

ZLEJn wL(

® =

szej (M p (n)(hn) —hp,

1, otherwise.

= Adaptive Parallel Subgradient Projection
(Yamada, Slavakis, Yamada 2002)
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Let’s focus on

Adaptive Parallel Subgradient Projection
(Adaptive PSP)

hp41 = hn + Un LE% PSL(")(hn) — hn)

Consider _
for Accerelation of Convergence.

T hink simple case where
z,(n) = H, (v € Jp) are halfspaces.



-

Approximate n ¢ RY to n* ¢ RY
by using (Uy)rez and  (d)rez.

Adaptive Filtering Problem N

Input

U, € RN Xr

o /

Noise n, € R"

|

Unknown System h*

_|_

Adaptive Filter h

/

Data

Estimation residual
ek(h) = U};h — dj,




Subgradient Projection

ge(h) = ||[UFTh — dy|" - p




POWER-PSP designs Weights
by using inductively
Projection onto Intersection of Two Half-Spaces

Proposition 1

-

For any x € ‘H and closed half-spaces H; , H, C H,
PH;(CB) It Py (x) € Hy
PHl_ﬂHQ_ (z) = PHQ— (z) If PH; () € HY
Pr,am, () otherwise.

-p.2/1



POWER-PSP versus APA

Conditions
GSNRZlOdB]
| APA (r=64)~
) / —APA (=2) | - Parameters ~
S POWERD - —APA (r=3) °oq=28
£ 10 \\ A\PA (r=10)
= / ° = My
5 POWERA\\\ H*q *pP=n
& / POWER B L‘\*fﬁ:fi?ff;;;ﬁ P o (rR) =
0 POWERC ~ POWERD™ . A:(64.1)
1000
lteration BZ(64,50)
C:(200,10)
D:(200,100)
\_ %
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Conclusion

1. Adaptive Projected Subgradient Method
. On(hn) /
h = P |hyp — & nAEn o ! (h
w1 = P = en g Gy 2 On ”))
minimizes asymptotically
©On, n=1,2,..., over K,

2. This scheme unifies a wide range of
adaptive algorithms.

EX. NLMS, APA, Adaptive-PSP, Adaptive Min-
max Projection and their Embedded Constraint
versions: Constrained-NLMS, Constrained-APA

3. Acceleration of Convergence

EX. POWER-PSP:
Pairwise Optimal WEighting Realization
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