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Adaptive Projected
Subgradient Method

A Paradigm Shift ?¶ ³

Asymptotic Minimization of

Sequence of

unsmooth convex functions.
µ ´

⇓
1. Unified View of Adaptive Algorithms.

Nonstationary adaptive filtering problems

2. Ideas for accerelation of convergence.
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We consider

Problem¶ ³

Minimize Asymptotically

Θn : RN → [0,∞), n ∈ N, sequence of continuous
convex functions

Subject to h ∈ K
(
⊂ RN

)
closed convex set

where inf
h∈K

Θn(h) = 0 fixed target value.

µ ´

Note: Θn is not necessarily a sample of random
variable of which mean value is widely used as an
ideal cost function in standard adaptive filtering.
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We propose
Adaptive Projected Subgradient Method

hn+1 := PK


hn − αn

Θn(hn)
‖Θ′

n(hn)‖2 Θ′
n(hn)




1. If Θn ⇒ Θ, it reproduces Polyak(’69)..
Similar to the Newton’s method but
does not require any matrix inversion.

2. Θn : RN → [0,∞) must be continuous
convex but not necessarily smooth.

3. Constraint hn ∈ K can be imposed by
Convex Projection PK.
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Subgradient:
a generalization of Gradient

Subgradient

Gradient
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What is Convex Projection ?

K

PK(X)

PK (Y)
Y

X
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What can we say by

Adaptive Projected
Subgradient Method

hn+1 := PK


hn − αn

Θn(hn)
‖Θ′

n(hn)‖2 Θ′
n(hn)




?
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TheoremAdaptive Projected Subgradient Method

(a) (Monotone approximation) Suppose
hn 6∈ Ωn :=

{
h ∈ K | Θn(h) = Θ∗

n := min
u∈K

Θn(u)
}
.

⇒ By using ∀αn ∈
(
0,2

(
1− Θ∗

n
Θn(hn)

))
,(

∀h∗(n) ∈ Ωn

)
‖hn+1 − h∗(n)‖ < ‖hn − h∗(n)‖.

(b) (Asymptotic minimization)

Suppose Θ∗
n = 0, ∀n ≥ N0 and Ω :=

⋂

n≥N0

Ωn 6= ∅.
⇒ By αn ∈ [ε1,2− ε2],

lim
n→∞Θn(hn) = 0 if

(
Θ′

n(hn)
)
n∈N: bdd.

(c) (Convergence 1) Under conditions in (b), if Ω

has a relative interior w.r.t. some hyperplane,

⇒ lim
n→∞hn = ∃ĥ ∈ K.
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Theorem (Contd.)

(d) (Convergence 2) In addition to conditions in (b),

if Ω has an interior h̃ satisfying

(∀ε > 0, ∀r > 0, ∃δ > 0) inf
d(hn, lev≤0 Θn) ≥ ε,

‖h̃− hn‖ ≤ r,
n ≥ N0

Θn(hn) ≥ δ,

⇓

lim
n→∞ hn = ∃ĥ ∈ lim inf

n→∞ Ωn,

where

lim inf
n→∞ Ωn :=

⋃

n≥0

⋂

k≥n
Ωk.
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How can we design

Suitable Θn for

Adaptive Filtering ?

⇓
Imagine Ideal Situations !
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Example 1

Suppose S
(n)
ι 3 h∗ (ι ∈ Jn, n ∈ N) with high probability.

Let Ωn := K ∩
⋂

ι∈Jn

S
(n)
ι .

Define¶ ³

Θn(h) := max
ι∈Jn

d(h, S
(n)
ι ) (⇐unsmooth)

µ ´

hn+1 := PK

(
hn + µn

(∑
ι∈In ω

(n)
ι P

S
(n)
ι

(hn)− hn

))
,

∀µn ∈ [0,2M(0)
n ],

In :=
{
ι ∈ Jn : d(hn, S

(n)
ι ) ≥ d(hn, S

(n)
k ), ∀k ∈ Jn

}
.

M(0)
n :=





max
ι∈Jn

∥∥∥∥PS
(n)
ι

(hn)− hn

∥∥∥∥
2

∥∥∥∥
∑

ι∈Jn
ω

(n)
ι P

S
(n)
ι

(hn)−hn

∥∥∥∥
2, hn /∈ ⋂

ι∈Jn S
(n)
ι ,

1, otherwise.
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Example 2
Suppose S

(n)
ι 3 h∗ (ι ∈ Jn, n ∈ N) with high probability.

Let Ωn := K ∩ ⋂
ι∈Jn S

(n)
ι .
Define¶ ³

Θn(h) := 1
L

∑

ι∈Jn

ω(n)
ι d(h, S(n)

ι )2 (⇐smooth)

µ ´

hn+1 := PK


hn + µn


 ∑

ι∈Jn

ω
(n)
ι P

S
(n)
ι

(hn)− hn





 ,

∀µn ∈ [0, 1M(1)
n ],

M(1)
n :=





∑
ι∈Jn

ω
(n)
ι

∥∥∥∥P
S
(n)
ι

(hn)−hn

∥∥∥∥
2

∥∥∥∥
∑

ι∈Jn
ω

(n)
ι P

S
(n)
ι

(hn)−hn

∥∥∥∥
2, hn /∈ ⋂

ι∈Jn S
(n)
ι ,

1, otherwise.
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Example 3
Suppose S

(n)
ι 3 h∗ (ι ∈ Jn, n ∈ N) with high probability.

Let In := {ι ∈ Jn : hn 6∈ S
(n)
ι } and Ωn := K ∩ ⋂

ι∈In

S(n)
ι .

Define¶ ³

Θn(h) := 1
L

∑

ι∈In

ω(n)
ι d(hn, S(n)

ι )d(h, S(n)
ι ) (⇐Unsmooth)

µ ´

hn+1 := PK


hn + µn


 ∑

ι∈Jn

ω
(n)
ι P

S
(n)
ι

(hn)− hn





 ,

∀µn ∈ [0, 2M(1)
n ]

M(1)
n :=





∑
ι∈Jn

ω
(n)
ι

∥∥∥∥P
S
(n)
ι

(hn)−hn

∥∥∥∥
2

∥∥∥∥
∑

ι∈Jn
ω

(n)
ι P

S
(n)
ι

(hn)−hn

∥∥∥∥
2, hn /∈ ⋂

ι∈Jn S
(n)
ι ,

1, otherwise.

⇒ Adaptive Parallel Subgradient Projection
(Yamada, Slavakis, Yamada 2002)
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Let’s focus on
Adaptive Parallel Subgradient Projection
(Adaptive PSP)

hn+1 := hn + µn




∑

ι∈Jn

ω
(n)
ι P

S
(n)
ι

(hn)− hn




Consider Strategic Weight Design
for Accerelation of Convergence.

Think simple case where

S
(n)
ι = H−

ι (ι ∈ Jn) are halfspaces.
18



Adaptive Filtering Problem¶ ³

Approximate h ∈ RN to h∗ ∈ RN

by using (Uk)k∈Z and (dk)k∈Z.
µ ´

Unknown System h∗ - +
?

Noise nk ∈ Rr

+
?

6

-

£
£
£

£
£
£±

Data
dk:= U t

kh∗+ nk−

-

-

-

Input
Uk ∈ RN×r

Estimation residual
ek(h) := U t

kh− dk

Adaptive Filter h

4



Subgradient Projection
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POWER-PSP designs Weights
by using inductively

Projection onto Intersection of Two Half-Spaces
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POWER-PSP versus APA
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Conclusion
1. Adaptive Projected Subgradient Method

hn+1 := PK


hn − αn

Θn(hn)
‖Θ′

n(hn)‖2 Θ′
n(hn)




minimizes asymptotically
Θn, n = 1,2, . . ., over K,

2. This scheme unifies a wide range of
adaptive algorithms.

EX. NLMS, APA, Adaptive-PSP, Adaptive Min-
max Projection and their Embedded Constraint
versions: Constrained-NLMS, Constrained-APA

3. Acceleration of Convergence

EX. POWER-PSP:
Pairwise Optimal WEighting Realization
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