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Abstract Recently, the Adaptive Projected Subgradient Method (APSM) over multiple closed convex constraints
has been proposed in order to tackle the problem of asymptotically minimizing a sequence of continuous, non-
negative, and convex functions over multiple closed convex sets [Slavakis & Yamada, 2005 (Technical Report of
IEICE-SIP, Jan. 2005)]. In this paper, by the fact that points satisfying multiple closed convex constraints can be
seen as the fixed point set of strongly attracting nonexpansive mappings in a real Hilbert space, we provide with
the proofs regarding the convergence theorem of the APSM over the fixed point set of strongly attracting nonex-
pansive mappings. In this way, these rigorous results firmly support the excellent performance of the APSM to
various adaptive signal processing applications with multiple a-priori convex constraints like stereo echo cancelling
and robust adaptive beamforming.
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1. Introduction

The basic principle behind projection based adaptive filtering
methods [1-6] is the successive metric projection onto a series of
closed convex subsets of a real Hilbert space H. It is assumed that
the series of closed convex sets contain the estimandum (system
to be identified) with high probability. The widely used nowadays
Affine Projection Algorithm (APA)[2,3], for example, generates
a sequence of estimates by taking, at each time instant k € Z, the
relaxed metric projection onto a linear variety (a special closed
convex set defined as the translation of a closed subspace of H) to
which the estimandum surely belongs in noiseless situations [6, Ap-
pendix B, [7]. Each linear variety is the intersection of a finite
number 7 of hyperplanes. The NLMS [1], for example, is a special
case of the APA for r = 1. If one, now, recalls that the metric
projection mapping provides with a minimizer of the metric dis-
tance function to a closed convex set (a nonnegative, continuous,
and convex function), then the projection based adaptive filtering
methods can be seen as a special case of the general problem of
the convexly constrained asymptotic minimization of a sequence
of continuous, nonnegative, convex objectives.

An algorithmic solution to this important problem was devel-
oped recently by the Adaptive Projected Subgradient Method
(APSM) over the fixed point set of strongly attracting nonex-
pansive mappings in a real Hilbert space [7-9] extending thus the
novel work of [10,11]. The proposed APSM generates a strongly
convergent point sequence that asymptotically minimizes a certain
sequence of nonnegative continuous convex functions over the fixed
point set of strongly attracting nonexpansive mappings. A side ef-
fect of the method is the asymptotic minimization of the certain
sequence of convex objectives over the nonempty intersection of
a finite number of closed convex sets. It provides therefore with
new directions and extends the range of projection based adaptive
filtering schemes to problems where the estimandum is known to
satisfy multiple convex constraints. Many existing adaptive fil-
tering algorithms such as NLMS, APA, Projected NLMS [4], Con-
strained NLMS [5], Adaptive Parallel Subgradient Algorithm [6],
Adaptive Parallel Outer Projection Algorithm [6,12], Adaptive
Parallel Min-Max Projection Algorithm [11] and their embedded
constraint versions [11] can be obtained as simple examples of the
APSM by an appropriate design of the convex objectives. More
than that, the algorithm has recently exhibited remarkably fast
and stable convergence properties for highly demanding signal
processing applications like adaptive stereophonic echo cancella-
tion [13], and adaptive beamforming [14].

Due to space limitations, this paper gives with a maximal
amount of detail the main proofs of the convergence theorem of
the method in order to firmly support its recent successful appli-
cation to real signal processing problems. The full discussion can
be found in [9].

2. Preliminaries

Let the set of all integers, nonnegative integers, and real num-
bers be denoted by Z, Z>q, and R respectively.

This paper is based on the assumption of a real Hilbert space
'H [15], equipped with an inner product denoted by (z,y), Vz,y €
H. The induced norm will be denoted by |z| = (z,z)'/?,
Vr € H. Given a nonempty S C H and an z € H, let

d(z,S) := inf{||lz —y| : y € S}. Moreover, given an z € H

and an € > 0, let B(z,e) = {y € H : ||z —y| < e}. Also,
let Blz,e] = {y € H : |lza—y|]| £ e}
S C H, an z € S, and a sufficiently small € > 0, assume that
Bs(z,e):={y € S : ||z —y| < e} = B(z,e) NS & 0. The relative
interior of a nonempty A C H with respect to (w.r.t.) S is defined
as rig(A) := {@ € A : Je > 0 such that (s.t.) Bs(z,e) C A}. Note
here that int(A) := riy (A) denotes the interior of A. Given a € H
and 8 € R, a hyperplane II is the set Il := {z € H : (a,z) = B}.
A set C C H is called convez if Vz,y € C, and Vu € [0,1],
pr+(1—p)y € C. A function © : C — RU{oco} is called convex if
Vz,y € C, and Vpu € [0,1], O(pa+(1—p)y) < pO(x)+(1—p)O(y).
[Fact 1]
sume that there exist p > 0 and @ € C s.t. B(@,p) C C. Assume
veH\Candt € (0,1) s.t. ug := (1 —t)a+tv ¢ C. Then,
d(v,C’)>p% :p% > 0. O

2.1 Nonexpansive mappings

Given a nonempty

[11] Let C C 'H be a nonempty closed convex set. As-

A fized point of a mapping T : H — H is an z € H s.t.
T(z) = z. The fized point set of T is defined as Fix(T) :=
{z € H : T(x) = z}. The mapping T is called nonexpan-
sive it |T(z) =T < llv—yl, Yo,y € H.
sive mapping T : H — H has a fixed point, then Fix(T) is
T will be called at-
tracting nonezpansive [17] if T is nonexpansive with Fix(T) £ 0
and [ T(2) = Il < llz— fll, Y@, f) € (H\ Fix(T)) x Fix(T),
and strongly attracting or n-attracting nonexpansive [17] if T is

If a nonexpan-

closed and convex [16, Proposition 1.5.3].

nonexpansive with Fix(T) # ( and there exists n > 0 s.t.
nllz = @) £ llz - £I? — |T(2) - £I%, Ve, ) € H x Fix(T).
H — 'H to be n-
attracting nonexpansive for an arbitrary n > 0 and with Fix([) =

We will consider the identity mapping I :

‘H. For any nonempty closed convex set C C H, the metric pro-
jection onto C' is the mapping Pc : H — C which maps z € 'H
to the uniquely existing Po(z) € C s.t. ||z — Po(x)|| = d(z,C).
Note that Pc is an l-attracting nonexpansive mapping [17].

2.2 Quasi-nonexpansive mappings

A mapping T : H — H is called quasi-nonezpansive [11,18,19]
if Fix(T) # 0 and ||T(z) — f]| £ ||z — fl, ¥(=z, f) € H x Fix(T).
If, in particular, ||T(z) — f|| < ||z — f|l, Y(z, f) € (H \ Fix(T)) x
Fix(T), then T is called attracting quasi-nonexpansive (strongly
quasi-nonexpansive in[20]). Going even further, if there exists
ann > 0 st nlle — T@)2 < llz — FI2 — |T(2) - FI%, (=, f) €
H x Fix(T'), then T is called n-attracting quasi-nonexpansive. The
mapping T will be called a-averaged quasi-nonexpansive if there
exists a € [0,1) and a quasi-nonexpansive mapping N : H — H

st. T = (1 —a)I + aN. In particular, we will call an i-averaged

quasi-nonexpansive mapping firmly quasi-nonexpansizfe (Class T
in [18]).

[Fact 2] [19] If T} : H — H is mi-attracting quasi-nonexpansive
and if 75 : ‘H — H is nz-attracting quasi-nonexpansive, then 757}
is 77214;732 -attracting quasi-nonexpansive. O
[Fact 3] [19] Let T : H — H be a firmly quasi-nonexpansive
mapping. If R := (1 — p)I + pT, p € (0,2), then R is
2_T“—attracting quasi-nonexpansive with Fix(R) = Fix(T), i.e.,

Y(x, f) € H x Fix(T),
= pule=T@I? = =2 o - A@)|?
< llo = fIP = 1) = f1.

2.3 Subgradients
Let © : H — R be a continuous convex function. The subdif-
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ferential [21,22] of © is the set-valued operator 90 : H — 27 s.t.
y— 09(y) = {geH: (z—y,9) +O(y) £ O(x),Yz € H}. For
any y € H, any point in 00(y) will be called a subgradient of ©
at y. Note that for any continuous convex function ©, 90 (y) + 0,
Yy € 'H|[21, Proposition 1.5.2]. Note also that 0 € 909(y) iff
y € argmingcq O(z). The function © has a unique subgradi-
ent at y, if © is Gateaux differentiable at y [21, Proposition 1.5.3].
This unique subgradient is nothing but the Gateaux differential
o'(y).

[Fact 4] [22, Example VI1.3.3] Given a closed convex set C C H,
let the normal cone to C at © € C be the set Nco(z) =
{ze€H:(z,y—x) L0, Vy € C}. Then, Vu € H,

Ne(u)n Bo,1], ueC,
9d(u,0) =1 “p .
a(w,C) ugC.

(Although the proof in [22, Example VI.3.3] is performed for a real

Euclidean space, one can easily extend it, by following the same

steps, to a general infinite dimensional real Hilbert space.) O
Assume now that we have lev<((©) := {z € H: O(z) < 0} + 0.

Then, define the mapping Ty, @) : H — H by

u— %@’(u), u & lev<o(0),

T. © (u) =
*P(©) u, u € lev<o(0),

where ©'(u) is a selection from the set of the subgradients of © at
u. The mapping T, (e) is called the subgradient projection w.r.t.
©. It can be verified that Ty, (g) is firmly quasi-nonexpansive with
Fix (Typ(e)) = lev<o(©) [18, Proposition 2.3],[20, Lemma 2.8].
The following result generalizes Proposition 2 in [11]. It extends
the result from the metric projection Po onto a closed convex set
C C 'H, i.e., an l-attracting nonexpansive mapping, to the general
case of an n-attracting nonexpansive T'.
[Proposition 5] Assume that T : H — H is an n-attracting non-
expansive mapping with Fix(T) $ 0. Let Ty,e) : H — H be
the subgradient projection w.r.t. a continuous convex function
© : H — R, with Fix(T) Nlev<o(©) + 0. For any A € (0,2),
define the mapping T\A :H— H as

T (u) =T ((1 = NI + ATyp(ey) (u)

O(u)
T (u — AWGI(U)) , U §é 16V§0(e),
T(u),

u € lev<((0),
where ©/(u) € 90(u). Then, the mapping T is %—
attracting quasi-nonexpansive and Fix (f,\> = Fix(T)Nlev<o(O).
[m]

Proof.

Since T is n-attracting nonexpansive, it is also n-attracting quasi-
nonexpansive. Moreover, we also know from Fact 3 that Ry, (e) :=
(I = NI + ATy is ?—attracting quasi-nonexpansive with
Fix (Ryp@)) = Fix (Type)) = lev<o(®). Thus by Fact 2,

the composition TA = TRy, is %—attracting quasi-
nonexpansive with Fix(Ty) = Fix(T) N Fix (Rsp(ey) = Fix(T) N
1EV§0(®). [m]

2.4 Fejér monotone sequences

Let C' C H be a closed convex set. A sequence (un)n>0 C H
is called Fejér monotone w.r.t. C if ||[unt1 —z|| £ |un — 2|,
Vz € C,Vn 2 0.
[Fact 6]
convex set C' C H satisfy the following condition: 3k > 0, s.t. Vz €

[11] Assume that a sequence (un)n>0 C H and a closed

C, and Vn 2 0), K||lun+1 —un||2 < lun —z||2 — |lun+1 —zHQ.

If there exists also a hyperplane II C H s.t. rin(C) # 0, then

(un)p>0 converges strongly to a point in H. O

3. The APSM over the Fixed Point Set
of Strongly Attracting Nonexpansive
Mappings

The following theorem extends Theorem 2 in [11] from the case

of the metric projection Pc : H — C onto a nonempty closed con-
vex set C' C ‘H, which is an l-attracting nonexpansive mapping,
to the general case of an n-attracting nonexpansive 7' : H — H
(n>0).
[Theorem 7] (The Adaptive Projected Subgradient Method over
the Fized Point Set of Strongly Attracting Nonexpansive Map-
pings) Let Oy, : H — [0,00), n € Zxq, be a sequence of continuous
convex functions and let 7' : ‘'H — H be an n-attracting nonex-
pansive mapping with Fix(T') & (. For an arbitrary ug € H, the
APSM defines the sequence (un)nezs, a8

T un — n —On(un) o, (un ) , O (un 0,
w1 = ( o, amF O () (n) %
T(un), Oy (un) =0,
(1)
where 7, (un) € 90n(un) and Ap € [0,2], Vn € Zxq. Define also
Qp = € Fix(T) : ©, =0;:= inf O, .
focrentr=si = gt on)

1. (Monotone approzimation) Assume the following condi-

a. dNg € Zxp st. Q := ﬂnZNO Qn £ 0 and ©F = 0,
Vn = Np.
€ (0,2), Vn = No. Then,

Hun-!—l - U?H)H < Hun - uzn)" s Vuzn) € Qn,Vn > Np.
c. In addition, assume that un, ¢ Q, for n =2 Ny. Then,
sl < s iy €5

2. (Strong convergence) Assume the condition in Theorem
7.1.a. Assume also:

a. Jer,e2 > 0s.t. Ay € [61,2 — 2], Vn = Np.

b. There exists a hyperplane II C H s.t. rii(Q2) F 0.

Then, the sequence (un)nez., converges strongly to a point
u € Fix(T).

3. (Asymptotic optimality) Assume the conditions in Theo-
rem 7.1.a and in Theorem 7.2.a.

a. Suppose that (O] (un))nezy, is bounded. Then,
limy, 00 O (tn) = 0. N

b. Assume also the condition in Theorem 7.2.b and that
(©7,(@))nezs, is bounded. Then, lim, oo On(U) = 0.

4. (Characterization of W) Assume the conditions in The-
orem 7.l.a, in Theorem 7.2.a, and the existence of u =
limy,— 0o un € Fix(T'). Assume also that

a. @ € int(Q) 0.

b. Ve >0,Vr>0,3§ >0 s.t.

inf On(un) 2 6.
d(un,lev<o(On))2e, lun—al<r,
B n=>Ng
If also limp—oo On(un) = 0, then U € liminf, oo Orn, where

the overline denotes the closure, in the strong topology of H, of

lim infnﬂoo Qn = ZO:O ﬂmgn Qm -



Proof of Theorem 7.1.

Notice that Vn 2 No, Qn = Fix(T) Nlev<(On). Assume, now,
Op(un) > 0 for n = Np.
of ©,, since we already know by assumption that Vu* € Q 3 0,
On(u*) = ©F =0. Thus, 0 ¢ 90, (un) = O, (un) £ 0, which in
turn implies by (1) that upy1 =T (un IIG())/”((U")HQ o (un)>

u
If © (un) = 0, then upy1 =

Then, u, is not a global minimizer

Assume that O, (un) = 0.

T(up). Moreover, if ©) (uy,) + 0, then we have upyi1 =
T (un - /\nW@%(un)) = T(un). Hence, (1) takes the
form
en(

T p—onlin) gy , © >0,
Unir = (10— it ) Ontua)

T(un), On(un) =0,

=T ((1 =) + ATipo,)) (un) =Tx, (un), ¥n = No.

By Proposition 5 and for any n = Np, the mapping f)\n is

2=2An)n__attracting quasi-nonexpansive w.r.t.

2_)\1@(1_77)
Fix (ﬁ) = Fix(T) Nlev<o(On) = Q. (2)
Thus, VuZ‘n) € Qp and Vn = N,
(2= 2n)n 2 « |12 L 12
s wine LS DEt) [ RS
(3)
Notice that 29;7*(’;1"”) > 0, YAn € (0,2). Then, by (3), Theo-

rem 7.1.b follows. If we also assume u, ¢ Q, = Fix (T)\n), then
Un F f)m (un) = un+1. Hence, by using (3) again, Theorem 7.1.c
is obtained. O
Proof of Theorem 7.2.

By (2), @ = Nz, Fix (f)\n) Thus Theorem 7.2.a and (3)
imply that

Yu* € Q,Vn = No,
4)

€2 _
ma (e a—miamy > 0- Now, (4), Theo
rem 7.2.b, and Fact 6 suggest that (un)nez., converges strongly

K llun = unsil)® < llun — u* 2= luntr —u|?

where k :=

to a point @ € H.

Define J := {n € Zxo : ©},(un) F 0}. Assume card(J) = oo,
where card(-) denotes the cardinal number of a set. Then, J can
be considered as the subsequence J = (nm)mezs,, Which for the
sake of simplicity in notations is denoted by (m

show that lim,— co % =0

Assume for a contradiction that Je > 0 and a subsequence

Om, (um,)
m s.t. —~b—1t—" > ¢ VI 2 0. Then, by the nonex-
(milizzo S Jo ] £ 2 Y

pansivity of T, Vu* € Q C Fix(T'), VI = 0,

)meg. Next we

2

" Om, (u
R L
O, ()|
2
u
= Yy — et |? 4 22, Salm)
o]
©
o, Q) (it — %, () )

!

[ )
(5)

By the definition of the subgradient we have that VI = 0,

(U =ty O, (W) ) + Oy () S Oy (u”).
ists lo € Zxo sit. 1 > lg = my; = No. Thus,

There ex-
Vi = lp,

<u* _ um”@;nl (uml)> < —Om; (Um,;). Now, by (5) and VI = lo,

o2 (um;) * 12 *||2
Mg (2 = Amy) s < = 0% = [fum 41 — 0[],
o o]
and finally
* * |2
ere2e” < Jlum, — w1 = [[um; 1 — u*||*. (6)

The sequence (Hun—u*Hz) N is nonnegative and non-
n=Ng

increasing by (4); thus convergent. Take the limit in (6)

for | — oo to obtain the absurd result 0 < e1e0e2 < 0,
which leads to a contradiction. Hence, in our original notation,

Onm (unm )

‘ = 0. It is also easy to verify by

o ()|
On (Unr) o O, (Un, )
Anm4@nm(u%) SQ2-e)yo, e
1€, ()| €4, ()|
that On )
U
lim MM /m(u m) =0.
m—o0 " ||®nm(u"m)”2 " !

The APSM suggests that

On (Uny,)

=T — An,, —LmTm )
Un,y, +1 (unm Nom H@ unm ||

@;m (Unp, )> .

Since the original sequence (un)ngzgo converges strongly to u, any
subsequence of (un)nez, Will also converge strongly to @. Recall
that 7" is nonexpansive, thus continuous in the strong topology of
‘H, and take the limit above as m — oo to obtain that

eTL n
u= lim T <unm — A %eém(unmo

meee 167, (wn.)
=T < hm Un,, — lim A, M@;m (Un )>

=T(7).

This clearly implies that the limiting point @ € Fix(T).

Assume, now, that card(J) < oco. Then there exists Ni s.t.
VYn 2 Ni, ©,(un) = 0. For n = Ni, upy1 = T(un) =
limp—oo Unt1 = limp—oo T(un) = @ = T(limp—ooun) =
T(u) = @ € Fix(T). This completes the proof of Theorem 7.2. O

Proof of Theorem 7.3.

Since the sequence (0, (uy)) is bounded, there exists v > 0

n€lxo
s.b. 05, (un)ll < 7, Vn € Zo.
Assume again that card(J) = oo. We have already

seen above that J can be denoted by (nm)mez., and that
limy oo W = 0. This means that given € > 0, there

o ()|

Onn (n) - % Thus, Vm = My,

exists Mo s.t. Vm = Mp, |®, ( H
Uy, )

0 £ On,, (tn,,) < % ||9 (Un ) | < 'y = . This implies that
limpm— o0 On,, (Un,,) = 0. Clearly, for all No £ n € Zxo\ J,
On(un) = 0, which leads finally to limp— oo ©pn(un) = 0.

For the case where card(J) < oo, there exists Ny s.t. Vn = Ny,
©! (up) = 0. Thus Vn = max{No,N1}, On(up) = 0 =

limy,— o0 On(un) = 0.

Nm

Assume also that there exists 4/ > 0 s.t.
Vn € Zxo. By the definition of the subgradient, (u.,
On () £ Oy (un), Vn € Zxo. Obviously, we have that

len @l
— @, 0}, (0))+

0 < O,(1) £ On(un) — (un — 4,0, (7))
< On(un) + [T — unll[|©7 @)
< (On(un) +9' 1t - unl)) ——0.

n— oo

10 —



Thus, limy,—cc Oy (@) = 0, which completes the proof of Theorem
7.3. O

Proof of Theorem 7.4.
One can verify by definition that , is convex Vn = 0; thus
liminf, . 9, is also convex.
¥n = 0. By Theorem 7.4.a, there exists a p > 0 s.t. B(4, p) C Q.
¢ Ty On. Then,
3t € (0,1) st. ug = (1 — )i + t4 ¢ lminfrn_oo2n D
Since @,u € Fix(T), u¢ € FiX(T) Since, also,
,Vn = Lg. By
the result u¢ ¢ liminf, o0 Oy, we have that for any L1 = Lo,
Ini; =ni1(L1) 2 L, s.t. ug ¢ Qny = Fix(T) N lev§0(@n1). Thus
ut & lev<o(On,y ).

Now, by Fact 1 and B(@,p) C Q C Qpny Clev<o(On,y),

Similarly, lev<((©r) is convex
Assume for a contradiction that @

liminf, oo Qn.

limy—oo Un = U, 3Lg = No s.t. ||lun — T|| S

d(uny,1ev<o(Ony)) 2 d(@,lev<o(On,)) —

> 1—-t pl—-t pl-—t
SPTT T T T oy

lun, —all
=:e>0.
We also have

o~ un | < lla =3l + 227 =7 > 0.

Similarly, fix Ls > ni1. Then, as above, 3nga = na(L2) = L3 s.t.

d(Ungy,lev<o(Ony)) 2 € and ||@ — uny|| < r. In other words, we

can construct a subsequence (nl)lg1 s.t.
d(unz’levéo(enz)) g &, ”ﬂ‘ — Un, ” g T, and ng g N07 Vi g 1.

Obviously, by Theorem 7.4.b, there exists a § > 0 s.t. Oy, (un,;) =
6, VIl 2 1. This contradicts limyp— o0 On(un) = 0. We therefore
obtain @ € lim inf,,— ~ 5, which completes the proof of Theorem
7. m]

4. An Example of the APSM

Due to lack of space, only one example of the proposed APSM
is shown. However, it is general enough to cover many existing
projection based adaptive filtering algorithms. For more examples
and for the full discussion the interested reader is referred to [9].

Assume Jn C Zxg s:t. card(Jn) < oo, Vn € Z>qo. Let,
then, the closed convex set Sb(n) C 'H and its associated met-

ric projection PS(">’ Vi € Jn, ¥n € Zzg. Define w(n) € (0,1),

Vi € Tn, Y € Lxo, 8. 20, c 7 wfn) =1, ¥n € Zxp. Assume
also an n-attracting nonexpansive mapping 7 : H — H with
Fix(T) + 0.
Fix(T)N (ﬂLGJngO Sf")> #+ 0. A successful strategy for the gen-

In the following, we abide by the condition that

n))nezgo CcH
in adaptive filtering schemes for system identification is demon-

eration of such sequences of closed convex sets (SL(

strated in [6]. Therein, the design is based on the information of
the statistical properties of the noise process that usually contam-
inates environments where system identification is desired.

[Example 8] Fix n = 0. Given u, € H, define for any u € H

the convex function:
LLn 2eTn wgn)d (un, an)> d (u, SE”)) 7

On(u) := un & N,eg, an),
0, otherwise,
(M
where L, ZLeJ wf") (un, S(")>. Define also Z,, :=

{L €ETn:un ¢ SL(")}. Clearly, if up € ,cz, S™ then T,, = 0.
fun ¢ Nyey, ST, then Ly = ,cp wi™d (un,SE")).

If un & Myey, S, then leve(On) = Nyez, S\ Qn =

Fix(T) N (Niez, S™), €5 = 0, and © =

<mL€In,ngo SL(TL)) .

mLGIn St(n) =
Obviously, if u, € ﬂLeJ S,

©7,(u) = 0, Yu € H. However, in the case where un ¢ (,c 7 S s
we obtain by [21 (I1.5.21) and Proposition 1.5.6] that

> wiMd (un, 8M) 0d (u, 8™, u e M.

LELy
(®)

), we can make the following choice

Fix(T) N

For no ambiguity, if Z,, = 0 we let

(n)

, we drop to the trivial case

90, (u) = Ln

In particular, if u ¢ (,c 7. S
among the subgradients in 90, (u) (see Fact 4),

w™d (un, SM) = Py (w)

O (u) =

{LGI,,_:u%SL(")} L d (u7 SL( )
Thus, if un & N,cz, s,
O, (un) = 7= 3= ol (un = Py (un))
™ LEeT, ¢
-5 ez; i (un = P ()

Now, for an arbitrary ug € H, use the APSM to define in-
ductively the series of functions Oy, as introduced in (7). The
following algorithm is then formed.

Un+1:T Un + fn 7vn207

> U-’Ln>PS(n> (un) — un

LETn

where p, € [0, 2/\/(%1)}, and

2

(n)
2ieg, Yo HP (n)(un)—unH
2 7, Un & ﬂbejn SL(n)’

(1) ._
n =

HZL€Jn WEn)PSEn) (un)—un
1, otherwise.

O
[Proposition 9] Let the sequence (un),>o defined by the
APSM in the Example 8. Throughout, we assume Fix(T) N
(ﬂLeJn 720 (n)) + 0. Assume also that (pn),,>o C [Mn €1,

Mﬁf)(z — 62)] in Example 8 for some £1,&9 > 0.

1. Then,

a. limp—oo On(un) =0.

Assume that there exists a hyperplane I1 C H s.t. @ € riry () + 0.
Then the following statements hold.

b. There exists u € Fix(T') s.t. limp— oo Un = 4.

c. limp—oo On(w) =0.

2. Assume that there exists @ € int(Q2) & 0, for Q defined in
Example 8. Assume also that wo := inf, ¢ 7, n>0 wf ™ > 0. Then,
U = limp— 00 Un € liminf,— oo Qy. o
Proof of Proposition 9.1.a.

By definition, and Vn = 0, we have p, = )\nMng) for Example
8. Thus, the original relaxation coefficient A, in APSM lies in
the range An € [e1,2 — 2], Vn 2 0. Since we have also assumed
Fix(T)N (ﬂbejn n>0 SL(n)> %+ 0, it can be readily verified that the
conditions in Theorem 7.1.a and in Theorem 7.2.a are satisfied.
(n)

Notice that whenever u, € ﬂLEJ S, then we obtain the

trivial case ©7,(u) = 0, Vu € H. Assume, now, un & (1,c 7, S s,

HueNeys, S then we have by (8) and Fact 4 that

90n() € — 3" (w™d (un, 5™ B0, 1])

= B[0,1], Yu € H.
Ln LEL,



Now, assume that un ¢ (),c7, 5™ and u ¢ Nes, S{™ . Then,

T P - (Z:’SL(")) e = Py )]

(n)
{LeIn:uesf")} d (u, S )
Concluding, for Example 8,
len ()| £1, Yu e H, Vn 2 0. (9)

In particular, ||©) (un)|| £ 1, Yn 2 0. Hence, by Theorem 7.3.a,
we get limy, o0 On(un) = 0 for Example 8. m]
Proof of Proposition 9.1.b and Proposition 9.1.c.

We have already seen above that the conditions in Theorem 7.1.a
and in Theorem 7.2.a are satisfied. Moreover, by assumption, the
condition in Theorem 7.2.b also holds. Thus, Proposition 9.1.b is
proved for Example 8.

By (9), the sequence (©},(1))nezs, is bounded for Example 8.
Hence, by Theorem 7.3.b, Propositi;)n 9.1.c holds. O
Proof of Proposition 9.2.

An inspection of Theorem 7.4.b suggests that our task will be over
as soon as we show that Ve > 0, Vr > 0, 3§ > 0 s.t.
inf On(un) = 6.
d(un,lev<o(On))2e, [lun—il <,
n>0

For any e,r > 0, define O := {n € Zxq : d(un,lev<o(On)) 2 ¢,
lun — al| £ r}. Fix n € O arbitrarily. Notice that there exists p >
0st. B(i,p) C Q = Fix(T) N (mkzo lev§0(9k)) C leveo(On).
It is easy also to verify that % <1 Ey

2 > 12 |lun —af 2 d (un,lev§0(9n)> >e.
Let, then, t := 1— 5 and notice that the point ut := (1—t)a+tun
satisfies |lut —unl| £ §. This implies that ut ¢ lev<o(On).

Notice that for Example 8 lev<o(On) = ¢z, s, Hence,

ut & leVgo(en) is equivalent to 3o € I, s.b. ut ¢ SL(:). However,
by Fact 1 and B(@, p) C €2, we obtain that

(n) 1-t €
d(un,SLO ) > t _p2r—a'
Now,
1
Onlun) = — Y wi™d? (un, 8M) 2 —wiiVd? (un, 83”)
L, L,
LEL,
2 2
wop €
> —_—, 10
r (2r—e)? (10)

since d (un SE">) <d (un lev§0(9n)) < fun — @l € 7, Ve € Tn,
and thus L, < r. Hence, we can choose a § > 0, e.g., 0 < § <
WOTPQ ﬁ, s.t. Op(up) =2 8§ > 0, Vn € O. This completes the
proof. O
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