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Abstract Recently, the Adaptive Projected Subgradient Method (APSM) over multiple closed convex constraints

has been proposed in order to tackle the problem of asymptotically minimizing a sequence of continuous, non-

negative, and convex functions over multiple closed convex sets [Slavakis & Yamada, 2005 (Technical Report of

IEICE-SIP, Jan. 2005)]. In this paper, by the fact that points satisfying multiple closed convex constraints can be

seen as the fixed point set of strongly attracting nonexpansive mappings in a real Hilbert space, we provide with

the proofs regarding the convergence theorem of the APSM over the fixed point set of strongly attracting nonex-

pansive mappings. In this way, these rigorous results firmly support the excellent performance of the APSM to

various adaptive signal processing applications with multiple a-priori convex constraints like stereo echo cancelling

and robust adaptive beamforming.

Key words Asymptotic Minimization, Adaptive Filtering, Fixed Point Theory, Nonexpansive Mapping, Subgra-

dient.
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1. Introduction

The basic principle behind projection based adaptive filtering

methods [1–6] is the successive metric projection onto a series of

closed convex subsets of a real Hilbert space H. It is assumed that

the series of closed convex sets contain the estimandum (system

to be identified) with high probability. The widely used nowadays

Affine Projection Algorithm (APA) [2, 3], for example, generates

a sequence of estimates by taking, at each time instant k ∈ Z, the

relaxed metric projection onto a linear variety (a special closed

convex set defined as the translation of a closed subspace of H) to

which the estimandum surely belongs in noiseless situations [6, Ap-

pendix B], [7]. Each linear variety is the intersection of a finite

number r of hyperplanes. The NLMS [1], for example, is a special

case of the APA for r = 1. If one, now, recalls that the metric

projection mapping provides with a minimizer of the metric dis-

tance function to a closed convex set (a nonnegative, continuous,

and convex function), then the projection based adaptive filtering

methods can be seen as a special case of the general problem of

the convexly constrained asymptotic minimization of a sequence

of continuous, nonnegative, convex objectives.

An algorithmic solution to this important problem was devel-

oped recently by the Adaptive Projected Subgradient Method

(APSM) over the fixed point set of strongly attracting nonex-

pansive mappings in a real Hilbert space [7–9] extending thus the

novel work of [10, 11]. The proposed APSM generates a strongly

convergent point sequence that asymptotically minimizes a certain

sequence of nonnegative continuous convex functions over the fixed

point set of strongly attracting nonexpansive mappings. A side ef-

fect of the method is the asymptotic minimization of the certain

sequence of convex objectives over the nonempty intersection of

a finite number of closed convex sets. It provides therefore with

new directions and extends the range of projection based adaptive

filtering schemes to problems where the estimandum is known to

satisfy multiple convex constraints. Many existing adaptive fil-

tering algorithms such as NLMS, APA, Projected NLMS [4], Con-

strained NLMS [5], Adaptive Parallel Subgradient Algorithm [6],

Adaptive Parallel Outer Projection Algorithm [6, 12], Adaptive

Parallel Min-Max Projection Algorithm [11] and their embedded

constraint versions [11] can be obtained as simple examples of the

APSM by an appropriate design of the convex objectives. More

than that, the algorithm has recently exhibited remarkably fast

and stable convergence properties for highly demanding signal

processing applications like adaptive stereophonic echo cancella-

tion [13], and adaptive beamforming [14].

Due to space limitations, this paper gives with a maximal

amount of detail the main proofs of the convergence theorem of

the method in order to firmly support its recent successful appli-

cation to real signal processing problems. The full discussion can

be found in [9].

2. Preliminaries

Let the set of all integers, nonnegative integers, and real num-

bers be denoted by Z, Z>=0, and R respectively.

This paper is based on the assumption of a real Hilbert space

H [15], equipped with an inner product denoted by 〈x, y〉, ∀x, y ∈

H. The induced norm will be denoted by ‖x‖ := 〈x, x〉1/2,

∀x ∈ H. Given a nonempty S ⊂ H and an x ∈ H, let

d(x, S) := inf{‖x − y‖ : y ∈ S}. Moreover, given an x ∈ H

and an ε > 0, let B(x, ε) := {y ∈ H : ‖x − y‖ < ε}. Also,

let B[x, ε] := {y ∈ H : ‖x − y‖ <= ε}. Given a nonempty

S ⊂ H, an x ∈ S, and a sufficiently small ε > 0, assume that

BS(x, ε) := {y ∈ S : ‖x − y‖ < ε} = B(x, ε) ∩ S |= ∅. The relative

interior of a nonempty A ⊂ H with respect to (w.r.t.) S is defined

as riS(A) := {x ∈ A : ∃ε > 0 such that (s.t.) BS(x, ε) ⊂ A}. Note

here that int(A) := riH(A) denotes the interior of A. Given a ∈ H

and β ∈ R, a hyperplane Π is the set Π := {x ∈ H : 〈a, x〉 = β}.

A set C ⊂ H is called convex if ∀x, y ∈ C, and ∀µ ∈ [0, 1],

µx+(1−µ)y ∈ C. A function Θ : C → R∪{∞} is called convex if

∀x, y ∈ C, and ∀µ ∈ [0, 1], Θ(µx+(1−µ)y) <= µΘ(x)+(1−µ)Θ(y).]
Fact 1 ^ [11] Let C ⊂ H be a nonempty closed convex set. As-

sume that there exist ρ > 0 and ũ ∈ C s.t. B(ũ, ρ) ⊂ C. Assume

v ∈ H \ C and t ∈ (0, 1) s.t. ut := (1 − t)ũ + tv /∈ C. Then,

d(v, C) > ρ 1−t
t

= ρ
‖ut−v‖
‖ut−ũ‖

> 0. 2

2. 1 Nonexpansive mappings

A fixed point of a mapping T : H → H is an x ∈ H s.t.

T (x) = x. The fixed point set of T is defined as Fix(T ) :=

{x ∈ H : T (x) = x}. The mapping T is called nonexpan-

sive if ‖T (x) − T (y)‖ <= ‖x − y‖, ∀x, y ∈ H. If a nonexpan-

sive mapping T : H → H has a fixed point, then Fix(T ) is

closed and convex [16, Proposition 1.5.3]. T will be called at-

tracting nonexpansive [17] if T is nonexpansive with Fix(T ) |= ∅

and ‖T (x) − f‖ < ‖x − f‖, ∀(x, f) ∈ (H \ Fix(T )) × Fix(T ),

and strongly attracting or η-attracting nonexpansive [17] if T is

nonexpansive with Fix(T ) |= ∅ and there exists η > 0 s.t.

η ‖x − T (x)‖2 <= ‖x − f‖2 − ‖T (x) − f‖2, ∀(x, f) ∈ H × Fix(T ).

We will consider the identity mapping I : H → H to be η-

attracting nonexpansive for an arbitrary η > 0 and with Fix(I) =

H. For any nonempty closed convex set C ⊂ H, the metric pro-

jection onto C is the mapping PC : H → C which maps x ∈ H

to the uniquely existing PC(x) ∈ C s.t. ‖x − PC(x)‖ = d(x, C).

Note that PC is an 1-attracting nonexpansive mapping [17].

2. 2 Quasi-nonexpansive mappings

A mapping T : H → H is called quasi-nonexpansive [11, 18, 19]

if Fix(T ) |= ∅ and ‖T (x) − f‖ <= ‖x − f‖, ∀(x, f) ∈ H × Fix(T ).

If, in particular, ‖T (x) − f‖ < ‖x − f‖, ∀(x, f) ∈ (H \ Fix(T )) ×

Fix(T ), then T is called attracting quasi-nonexpansive (strongly

quasi-nonexpansive in [20]). Going even further, if there exists

an η > 0 s.t. η ‖x − T (x)‖2 <= ‖x − f‖2 − ‖T (x) − f‖2, ∀(x, f) ∈

H×Fix(T ), then T is called η-attracting quasi-nonexpansive. The

mapping T will be called α-averaged quasi-nonexpansive if there

exists α ∈ [0, 1) and a quasi-nonexpansive mapping N : H → H

s.t. T = (1 − α)I + αN . In particular, we will call an 1
2
-averaged

quasi-nonexpansive mapping firmly quasi-nonexpansive (Class T

in [18]).]
Fact 2 ^ [19] If T1 : H → H is η1-attracting quasi-nonexpansive

and if T2 : H → H is η2-attracting quasi-nonexpansive, then T2T1

is η1η2
η1+η2

-attracting quasi-nonexpansive. 2]
Fact 3 ^ [19] Let T : H → H be a firmly quasi-nonexpansive

mapping. If R := (1 − µ)I + µT , µ ∈ (0, 2), then R is
2−µ

µ
-attracting quasi-nonexpansive with Fix(R) = Fix(T ), i.e.,

∀(x, f) ∈ H× Fix(T ),

(2 − µ)µ ‖x − T (x)‖2 =
2 − µ

µ
‖x − R(x)‖2

<= ‖x − f‖2 − ‖R(x) − f‖2 .

2

2. 3 Subgradients

Let Θ : H → R be a continuous convex function. The subdif-
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ferential [21, 22] of Θ is the set-valued operator ∂Θ : H → 2H s.t.

y 7→ ∂Θ(y) := {g ∈ H : 〈x − y, g〉 + Θ(y) <= Θ(x), ∀x ∈ H}. For

any y ∈ H, any point in ∂Θ(y) will be called a subgradient of Θ

at y. Note that for any continuous convex function Θ, ∂Θ(y) |= ∅,

∀y ∈ H [21, Proposition I.5.2]. Note also that 0 ∈ ∂Θ(y) iff

y ∈ arg minx∈H Θ(x). The function Θ has a unique subgradi-

ent at y, if Θ is Gâteaux differentiable at y [21, Proposition I.5.3].

This unique subgradient is nothing but the Gâteaux differential

Θ′(y).]
Fact 4 ^ [22, Example VI.3.3] Given a closed convex set C ⊂ H,

let the normal cone to C at x ∈ C be the set NC(x) :=

{z ∈ H : 〈z, y − x〉 <= 0, ∀y ∈ C}. Then, ∀u ∈ H,

∂d(u, C) =

8
<
:

NC(u) ∩ B[0, 1], u ∈ C,

u−PC(u)
d(u,C)

, u /∈ C.

(Although the proof in [22, Example VI.3.3] is performed for a real

Euclidean space, one can easily extend it, by following the same

steps, to a general infinite dimensional real Hilbert space.) 2

Assume now that we have lev<=0(Θ) := {x ∈ H : Θ(x) <= 0} |= ∅.

Then, define the mapping Tsp(Θ) : H → H by

Tsp(Θ)(u) :=

8
<
:

u − Θ(u)

‖Θ′(u)‖2 Θ′(u), u /∈ lev<=0(Θ),

u, u ∈ lev<=0(Θ),

where Θ′(u) is a selection from the set of the subgradients of Θ at

u. The mapping Tsp(Θ) is called the subgradient projection w.r.t.

Θ. It can be verified that Tsp(Θ) is firmly quasi-nonexpansive with

Fix
`
Tsp(Θ)

´
= lev<=0(Θ) [18, Proposition 2.3], [20, Lemma 2.8].

The following result generalizes Proposition 2 in [11]. It extends

the result from the metric projection PC onto a closed convex set

C ⊂ H, i.e., an 1-attracting nonexpansive mapping, to the general

case of an η-attracting nonexpansive T .]
Proposition 5 ^ Assume that T : H → H is an η-attracting non-

expansive mapping with Fix(T ) |= ∅. Let Tsp(Θ) : H → H be

the subgradient projection w.r.t. a continuous convex function

Θ : H → R, with Fix(T ) ∩ lev<=0(Θ) |= ∅. For any λ ∈ (0, 2),

define the mapping bTλ : H → H as

bTλ(u) := T
`
(1 − λ)I + λTsp(Θ)

´
(u)

=

8
<
:

T
“
u − λ

Θ(u)

‖Θ′(u)‖2 Θ′(u)
”

, u /∈ lev<=0(Θ),

T (u), u ∈ lev<=0(Θ),

where Θ′(u) ∈ ∂Θ(u). Then, the mapping bTλ is
(2−λ)η

2−λ(1−η)
-

attracting quasi-nonexpansive and Fix
“
bTλ

”
= Fix(T )∩ lev<=0(Θ).

2

Proof.

Since T is η-attracting nonexpansive, it is also η-attracting quasi-

nonexpansive. Moreover, we also know from Fact 3 that Rsp(Θ) :=

(1 − λ)I + λTsp(Θ) is 2−λ
λ

-attracting quasi-nonexpansive with

Fix
`
Rsp(Θ)

´
= Fix

`
Tsp(Θ)

´
= lev<=0(Θ). Thus by Fact 2,

the composition bTλ = TRsp(Θ) is
(2−λ)η

2−λ(1−η)
-attracting quasi-

nonexpansive with Fix( bTλ) = Fix(T ) ∩ Fix
`
Rsp(Θ)

´
= Fix(T ) ∩

lev<=0(Θ). 2

2. 4 Fejér monotone sequences

Let C ⊂ H be a closed convex set. A sequence (un)n>=0 ⊂ H

is called Fejér monotone w.r.t. C if ‖un+1 − z‖ <= ‖un − z‖,

∀z ∈ C,∀n >= 0.]
Fact 6 ^ [11] Assume that a sequence (un)n>=0 ⊂ H and a closed

convex set C ⊂ H satisfy the following condition: ∃κ > 0, s.t. ∀z ∈

C, and ∀n >= 0), κ ‖un+1 − un‖
2 <= ‖un − z‖2 − ‖un+1 − z‖2.

If there exists also a hyperplane Π ⊂ H s.t. riΠ(C) |= ∅, then

(un)n>=0 converges strongly to a point in H. 2

3. The APSM over the Fixed Point Set

of Strongly Attracting Nonexpansive

Mappings

The following theorem extends Theorem 2 in [11] from the case

of the metric projection PC : H → C onto a nonempty closed con-

vex set C ⊂ H, which is an 1-attracting nonexpansive mapping,

to the general case of an η-attracting nonexpansive T : H → H

(η > 0).]
Theorem 7 ^ (The Adaptive Projected Subgradient Method over

the Fixed Point Set of Strongly Attracting Nonexpansive Map-

pings) Let Θn : H → [0,∞), n ∈ Z>=0, be a sequence of continuous

convex functions and let T : H → H be an η-attracting nonex-

pansive mapping with Fix(T ) |= ∅. For an arbitrary u0 ∈ H, the

APSM defines the sequence (un)n∈Z>=0
as

un+1 :=

8
><
>:

T

„
un − λn

Θn(un)

‖Θ′
n(un)‖2 Θ′

n(un)

«
, Θ′

n(un) |= 0,

T (un), Θ′
n(un) = 0,

(1)

where Θ′
n(un) ∈ ∂Θn(un) and λn ∈ [0, 2], ∀n ∈ Z>=0. Define also

Ωn :=


u ∈ Fix(T ) : Θn(u) = Θ∗

n := inf
x∈Fix(T )

Θn(x)

ff
.

1. (Monotone approximation) Assume the following condi-

tions.

a. ∃N0 ∈ Z>=0 s.t. Ω :=
T

n>=N0
Ωn |= ∅ and Θ∗

n = 0,

∀n >= N0.

b. λn ∈ (0, 2), ∀n >= N0. Then,
‚‚‚un+1 − u∗

(n)

‚‚‚ <=

‚‚‚un − u∗
(n)

‚‚‚ , ∀u∗
(n) ∈ Ωn, ∀n >= N0.

c. In addition, assume that un /∈ Ωn for n >= N0. Then,
‚‚‚un+1 − u∗

(n)

‚‚‚ <
‚‚‚un − u∗

(n)

‚‚‚ , ∀u∗
(n) ∈ Ωn.

2. (Strong convergence) Assume the condition in Theorem

7.1.a. Assume also:

a. ∃ε1, ε2 > 0 s.t. λn ∈ [ε1, 2 − ε2], ∀n >= N0.

b. There exists a hyperplane Π ⊂ H s.t. riΠ(Ω) |= ∅.

Then, the sequence (un)n∈Z>=0
converges strongly to a point

bu ∈ Fix(T ).

3. (Asymptotic optimality) Assume the conditions in Theo-

rem 7.1.a and in Theorem 7.2.a.

a. Suppose that (Θ′
n(un))n∈Z>=0

is bounded. Then,

limn→∞ Θn(un) = 0.

b. Assume also the condition in Theorem 7.2.b and that

(Θ′
n(bu))n∈Z>=0

is bounded. Then, limn→∞ Θn(bu) = 0.

4. (Characterization of bu) Assume the conditions in The-

orem 7.1.a, in Theorem 7.2.a, and the existence of bu =

limn→∞ un ∈ Fix(T ). Assume also that

a. ũ ∈ int(Ω) |= ∅.

b. ∀ε > 0, ∀r > 0, ∃δ > 0 s.t.

inf
d(un,lev<=0(Θn))>=ε, ‖un−ũ‖<=r,

n>=N0

Θn(un) >= δ.

If also limn→∞ Θn(un) = 0, then bu ∈ lim infn→∞ Ωn, where

the overline denotes the closure, in the strong topology of H, of

lim infn→∞ Ωn :=
S∞

n=0

T
m>=n Ωm. 2
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Proof of Theorem 7.1.

Notice that ∀n >= N0, Ωn = Fix(T )∩ lev<=0(Θn). Assume, now,

Θn(un) > 0 for n >= N0. Then, un is not a global minimizer

of Θn, since we already know by assumption that ∀u∗ ∈ Ω |= ∅,

Θn(u∗) = Θ∗
n = 0. Thus, 0 /∈ ∂Θn(un) ⇒ Θ′

n(un) |= 0, which in

turn implies by (1) that un+1 = T

„
un − λn

Θn(un)

‖Θ′
n(un)‖2 Θ′

n(un)

«
.

Assume that Θn(un) = 0. If Θ′
n(un) = 0, then un+1 =

T (un). Moreover, if Θ′
n(un) |= 0, then we have un+1 =

T

„
un − λn

0

‖Θ′
n(un)‖2 Θ′

n(un)

«
= T (un). Hence, (1) takes the

form

un+1 :=

8
><
>:

T

„
un − λn

Θn(un)

‖Θ′
n(un)‖2 Θ′

n(un)

«
, Θn(un) > 0,

T (un), Θn(un) = 0,

= T
`
(1 − λn)I + λnTsp(Θn)

´
(un) = bTλn

(un), ∀n >= N0.

By Proposition 5 and for any n >= N0, the mapping bTλn
is

(2−λn)η
2−λn(1−η)

-attracting quasi-nonexpansive w.r.t.

Fix
“
bTλn

”
= Fix(T ) ∩ lev<=0(Θn) = Ωn. (2)

Thus, ∀u∗
(n)

∈ Ωn and ∀n >= N0,

(2 − λn)η

2 − λn(1 − η)
‖un − un+1‖

2 <=

‚‚‚un − u∗
(n)

‚‚‚
2
−
‚‚‚un+1 − u∗

(n)

‚‚‚
2

.

(3)

Notice that
(2−λn)η

2−λn(1−η)
> 0, ∀λn ∈ (0, 2). Then, by (3), Theo-

rem 7.1.b follows. If we also assume un /∈ Ωn = Fix
“
bTλn

”
, then

un |= bTλn
(un) = un+1. Hence, by using (3) again, Theorem 7.1.c

is obtained. 2

Proof of Theorem 7.2.

By (2), Ω =
T

n>=N0
Fix

“
bTλn

”
. Thus Theorem 7.2.a and (3)

imply that

κ ‖un − un+1‖
2 <= ‖un − u∗‖2−‖un+1 − u∗‖2 , ∀u∗ ∈ Ω, ∀n >= N0,

(4)

where κ := ε2η
max{(2−(1−η)ε1),(ε2(1−η)+2η)}

> 0. Now, (4), Theo-

rem 7.2.b, and Fact 6 suggest that (un)n∈Z>=0
converges strongly

to a point bu ∈ H.

Define J := {n ∈ Z>=0 : Θ′
n(un) |= 0}. Assume card(J ) = ∞,

where card(·) denotes the cardinal number of a set. Then, J can

be considered as the subsequence J = (nm)m∈Z>=0
, which for the

sake of simplicity in notations is denoted by (m)m∈J . Next we

show that limm→∞
Θm(um)

‖Θ′
m(um)‖

= 0.

Assume for a contradiction that ∃ε > 0 and a subsequence

(ml)l∈Z>=0
s.t.

Θml
(uml

)
‚

‚

‚Θ′
ml

(uml
)
‚

‚

‚

>= ε, ∀l >= 0. Then, by the nonex-

pansivity of T , ∀u∗ ∈ Ω ⊂ Fix(T ), ∀l >= 0,

‚‚uml+1 − u∗
‚‚2 <=

‚‚‚‚‚‚‚
uml

− λml

Θml
(uml

)
‚‚‚Θ′

ml
(uml

)
‚‚‚
2
Θ′

ml
(uml

) − u∗

‚‚‚‚‚‚‚

2

= ‖uml
− u∗‖2 + λ2

ml

Θ2
ml

(uml
)

‚‚‚Θ′
ml

(uml
)
‚‚‚
2

− 2λml

Θml
(uml

)
‚‚‚Θ′

ml
(uml

)
‚‚‚
2

D
uml

− u∗, Θ′
ml

(uml
)
E

.

(5)

By the definition of the subgradient we have that ∀l >= 0,D
u∗ − uml

, Θ′
ml

(uml
)
E

+ Θml
(uml

) <= Θml
(u∗). There ex-

ists l0 ∈ Z>=0 s.t. l >= l0 ⇒ ml >= N0. Thus, ∀l >= l0,

D
u∗ − uml

, Θ′
ml

(uml
)
E

<= −Θml
(uml

). Now, by (5) and ∀l >= l0,

λml
(2 − λml

)
Θ2

ml
(uml

)
‚‚‚Θ′

ml
(uml

)
‚‚‚
2

<= ‖uml
− u∗‖2 −

‚‚uml+1 − u∗
‚‚2 ,

and finally

ε1ε2ε2 <= ‖uml
− u∗‖2 −

‚‚uml+1 − u∗
‚‚2 . (6)

The sequence
“
‖un − u∗‖2

”
n>=N0

is nonnegative and non-

increasing by (4); thus convergent. Take the limit in (6)

for l → ∞ to obtain the absurd result 0 < ε1ε2ε2 <= 0,

which leads to a contradiction. Hence, in our original notation,

limm→∞
Θnm

(unm
)

‚

‚

‚Θ′
nm

(unm
)
‚

‚

‚

= 0. It is also easy to verify by

‚‚‚‚‚λnm

Θnm
(unm

)
‚‚Θ′

nm
(unm

)
‚‚2 Θ′

nm
(unm

)

‚‚‚‚‚
<= (2 − ε2)

Θnm
(unm

)‚‚Θ′
nm

(unm
)
‚‚ ,

that

lim
m→∞

λnm

Θnm
(unm

)
‚‚Θ′

nm
(unm

)
‚‚2 Θ′

nm
(unm

) = 0.

The APSM suggests that

unm+1 = T

 
unm

− λnm

Θnm
(unm

)
‚‚Θ′

nm
(unm

)
‚‚2 Θ′

nm
(unm

)

!
.

Since the original sequence (un)n∈Z>=0
converges strongly to bu, any

subsequence of (un)n∈Z>=0
will also converge strongly to bu. Recall

that T is nonexpansive, thus continuous in the strong topology of

H, and take the limit above as m → ∞ to obtain that

bu = lim
m→∞

T

 
unm

− λnm

Θnm
(unm

)
‚‚Θ′

nm
(unm

)
‚‚2 Θ′

nm
(unm

)

!

= T

 
lim

m→∞
unm

− lim
m→∞

λnm

Θnm
(unm

)
‚‚Θ′

nm
(unm

)
‚‚2 Θ′

nm
(unm

)

!

= T (bu).

This clearly implies that the limiting point bu ∈ Fix(T ).

Assume, now, that card(J ) < ∞. Then there exists N1 s.t.

∀n >= N1, Θ′
n(un) = 0. For n >= N1, un+1 = T (un) ⇒

limn→∞ un+1 = limn→∞ T (un) ⇒ bu = T (limn→∞ un) =

T (bu) ⇒ bu ∈ Fix(T ). This completes the proof of Theorem 7.2. 2

Proof of Theorem 7.3.

Since the sequence (Θ′
n(un))n∈Z>=0

is bounded, there exists γ > 0

s.t. ‖Θ′
n(un)‖ <= γ, ∀n ∈ Z>=0.

Assume again that card(J ) = ∞. We have already

seen above that J can be denoted by (nm)m∈Z>=0
and that

limm→∞
Θnm

(unm
)

‚

‚

‚Θ′
nm

(unm
)
‚

‚

‚

= 0. This means that given ε > 0, there

exists M0 s.t. ∀m >= M0,
Θnm

(unm
)

‚

‚

‚Θ′
nm

(unm
)
‚

‚

‚

< ε
γ
. Thus, ∀m >= M0,

0 <= Θnm
(unm

) < ε
γ

‚‚Θ′
nm

(unm
)
‚‚ <=

ε
γ

γ = ε. This implies that

limm→∞ Θnm
(unm

) = 0. Clearly, for all N0 <= n ∈ Z>=0 \ J ,

Θn(un) = 0, which leads finally to limn→∞ Θn(un) = 0.

For the case where card(J ) < ∞, there exists N1 s.t. ∀n >= N1,

Θ′
n(un) = 0. Thus ∀n >= max{N0, N1}, Θn(un) = 0 ⇒

limn→∞ Θn(un) = 0.

Assume also that there exists γ′ > 0 s.t. ‖Θ′
n(bu)‖ <= γ′,

∀n ∈ Z>=0. By the definition of the subgradient, 〈un − bu, Θ′
n(bu)〉+

Θn(bu) <= Θn(un), ∀n ∈ Z>=0. Obviously, we have that

0 <= Θn(bu) <= Θn(un) −
˙
un − bu, Θ′

n(bu)
¸

<= Θn(un) + ‖bu − un‖
‚‚Θ′

n(bu)
‚‚

<=
`
Θn(un) + γ′ ‖bu − un‖

´
−−−−→
n→∞

0.
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Thus, limn→∞ Θn(bu) = 0, which completes the proof of Theorem

7.3. 2

Proof of Theorem 7.4.

One can verify by definition that Ωn is convex ∀n >= 0; thus

lim infn→∞ Ωn is also convex. Similarly, lev<=0(Θn) is convex

∀n >= 0. By Theorem 7.4.a, there exists a ρ > 0 s.t. B(ũ, ρ) ⊂ Ω.

Assume for a contradiction that bu /∈ lim infn→∞ Ωn. Then,

∃t ∈ (0, 1) s.t. ut := (1 − t)ũ + tbu /∈ lim infn→∞ Ωn ⊃

lim infn→∞ Ωn. Since ũ, bu ∈ Fix(T ), ut ∈ Fix(T ). Since, also,

limn→∞ un = bu, ∃L0 >= N0 s.t. ‖un − bu‖ <=
ρ
2

1−t
t

, ∀n >= L0. By

the result ut /∈ lim infn→∞ Ωn, we have that for any L1 >= L0,

∃n1 = n1(L1) >= L1, s.t. ut /∈ Ωn1 = Fix(T ) ∩ lev<=0(Θn1). Thus

ut /∈ lev<=0(Θn1).

Now, by Fact 1 and B(ũ, ρ) ⊂ Ω ⊂ Ωn1 ⊂ lev<=0(Θn1),

d(un1 , lev<=0(Θn1)) >= d(bu, lev<=0(Θn1)) − ‖un1 − bu‖

>= ρ
1 − t

t
−

ρ

2

1 − t

t
=

ρ

2

1 − t

t
=: ε > 0.

We also have

‖ũ − un1‖ <= ‖ũ − bu‖ +
ρ

2

1 − t

t
=: r > 0.

Similarly, fix L2 > n1. Then, as above, ∃n2 = n2(L2) >= L2 s.t.

d(un2 , lev<=0(Θn2)) >= ε and ‖ũ − un2‖ <= r. In other words, we

can construct a subsequence (nl)l>=1 s.t.

d(unl
, lev<=0(Θnl

)) >= ε, ‖ũ − unl
‖ <= r, and nl >= N0, ∀l >= 1.

Obviously, by Theorem 7.4.b, there exists a δ > 0 s.t. Θnl
(unl

) >=
δ, ∀l >= 1. This contradicts limn→∞ Θn(un) = 0. We therefore

obtain bu ∈ lim infn→∞ Ωn which completes the proof of Theorem

7. 2

4. An Example of the APSM

Due to lack of space, only one example of the proposed APSM

is shown. However, it is general enough to cover many existing

projection based adaptive filtering algorithms. For more examples

and for the full discussion the interested reader is referred to [9].

Assume Jn ⊂ Z>=0 s.t. card(Jn) < ∞, ∀n ∈ Z>=0. Let,

then, the closed convex set S
(n)
ι ⊂ H and its associated met-

ric projection P
S

(n)
ι

, ∀ι ∈ Jn, ∀n ∈ Z>=0. Define ω
(n)
ι ∈ (0, 1),

∀ι ∈ Jn, ∀n ∈ Z>=0, s.t.
P

ι∈Jn
ω

(n)
ι = 1, ∀n ∈ Z>=0. Assume

also an η-attracting nonexpansive mapping T : H → H with

Fix(T ) |= ∅. In the following, we abide by the condition that

Fix(T )∩
“T

ι∈Jn,n>=0 S
(n)
ι

”
|= ∅. A successful strategy for the gen-

eration of such sequences of closed convex sets (S
(n)
ι )n∈Z>=0

⊂ H

in adaptive filtering schemes for system identification is demon-

strated in [6]. Therein, the design is based on the information of

the statistical properties of the noise process that usually contam-

inates environments where system identification is desired.]
Example 8 ^ Fix n >= 0. Given un ∈ H, define for any u ∈ H

the convex function:

Θn(u) :=

8
>>><
>>>:

1
Ln

P
ι∈Jn

ω
(n)
ι d

“
un, S

(n)
ι

”
d
“
u, S

(n)
ι

”
,

un /∈
T

ι∈Jn
S

(n)
ι ,

0, otherwise,

(7)

where Ln :=
P

ι∈Jn
ω

(n)
ι d

“
un, S

(n)
ι

”
. Define also In :=

n
ι ∈ Jn : un /∈ S

(n)
ι

o
. Clearly, if un ∈

T
ι∈Jn

S
(n)
ι , then In = ∅.

If un /∈
T

ι∈Jn
S

(n)
ι , then Ln =

P
ι∈In

ω
(n)
ι d

“
un, S

(n)
ι

”
.

If un /∈
T

ι∈Jn
S

(n)
ι , then lev<=0(Θn) =

T
ι∈In

S
(n)
ι , Ωn =

Fix(T ) ∩
“T

ι∈In
S

(n)
ι

”
, Θ∗

n = 0, and Ω = Fix(T ) ∩
“T

ι∈In,n>=0 S
(n)
ι

”
. For no ambiguity, if In = ∅ we let

T
ι∈In

S
(n)
ι = H.

Obviously, if un ∈
T

ι∈Jn
S

(n)
ι , we drop to the trivial case

Θ′
n(u) = 0, ∀u ∈ H. However, in the case where un /∈

T
ι∈Jn

S
(n)
ι ,

we obtain by [21, (I.5.21) and Proposition I.5.6] that

∂Θn(u) =
1

Ln

X

ι∈In

ω
(n)
ι d

“
un, S

(n)
ι

”
∂d
“
u, S

(n)
ι

”
, ∀u ∈ H.

(8)

In particular, if u /∈
T

ι∈Jn
S

(n)
ι , we can make the following choice

among the subgradients in ∂Θn(u) (see Fact 4),

Θ′
n(u) =

X
n

ι∈In:u/∈S
(n)
ι

o

ω
(n)
ι d

“
un, S

(n)
ι

”

Ln

u − P
S

(n)
ι

(u)

d
“
u, S

(n)
ι

” .

Thus, if un /∈
T

ι∈Jn
S

(n)
ι ,

Θ′
n(un) =

1

Ln

X

ι∈In

ω
(n)
ι

“
un − P

S
(n)
ι

(un)
”

=
1

Ln

X

ι∈Jn

ω
(n)
ι

“
un − P

S
(n)
ι

(un)
”

.

Now, for an arbitrary u0 ∈ H, use the APSM to define in-

ductively the series of functions Θn, as introduced in (7). The

following algorithm is then formed.

un+1 = T

0
@un + µn

0
@
X

ι∈Jn

ω
(n)
ι P

S
(n)
ι

(un) − un

1
A
1
A , ∀n >= 0,

where µn ∈ [0, 2M
(1)
n ], and

M
(1)
n :=

8
>>><
>>>:

P

ι∈Jn
ω

(n)
ι

‚

‚

‚

‚

P
S
(n)
ι

(un)−un

‚

‚

‚

‚

2

‚

‚

‚

‚

P

ι∈Jn
ω

(n)
ι P

S
(n)
ι

(un)−un

‚

‚

‚

‚

2 , un /∈
T

ι∈Jn
S

(n)
ι ,

1, otherwise.

2]
Proposition 9 ^ Let the sequence (un)n>=0 defined by the

APSM in the Example 8. Throughout, we assume Fix(T ) ∩“T
ι∈Jn,n>=0 S

(n)
ι

”
|= ∅. Assume also that (µn)n>=0 ⊂

h
M

(1)
n ε1,

M
(1)
n (2 − ε2)

i
in Example 8 for some ε1, ε2 > 0.

1. Then,

a. limn→∞ Θn(un) = 0.

Assume that there exists a hyperplane Π ⊂ H s.t. ũ ∈ riΠ (Ω) |= ∅.

Then the following statements hold.

b. There exists bu ∈ Fix(T ) s.t. limn→∞ un = bu.

c. limn→∞ Θn(bu) = 0.

2. Assume that there exists ũ ∈ int(Ω) |= ∅, for Ω defined in

Example 8. Assume also that ω0 := infι∈Jn,n>=0 ω
(n)
ι > 0. Then,

bu = limn→∞ un ∈ lim infn→∞ Ωn. 2

Proof of Proposition 9.1.a.

By definition, and ∀n >= 0, we have µn = λnM
(1)
n for Example

8. Thus, the original relaxation coefficient λn in APSM lies in

the range λn ∈ [ε1, 2 − ε2], ∀n >= 0. Since we have also assumed

Fix(T )∩
“T

ι∈Jn,n>=0 S
(n)
ι

”
|= ∅, it can be readily verified that the

conditions in Theorem 7.1.a and in Theorem 7.2.a are satisfied.

Notice that whenever un ∈
T

ι∈Jn
S

(n)
ι , then we obtain the

trivial case Θ′
n(u) = 0, ∀u ∈ H. Assume, now, un /∈

T
ι∈Jn

S
(n)
ι .

If u ∈
T

ι∈Jn
S

(n)
ι , then we have by (8) and Fact 4 that

∂Θn(u) ⊂
1

Ln

X

ι∈In

“
ω

(n)
ι d

“
un, S

(n)
ι

”
B[0, 1]

”
= B[0, 1], ∀u ∈ H.

— 11 —



Now, assume that un /∈
T

ι∈Jn
S

(n)
ι and u /∈

T
ι∈Jn

S
(n)
ι . Then,

‚‚Θ′
n(u)

‚‚ <=
X

n

ι∈In:u/∈S
(n)
ι

o

ω
(n)
ι d

“
un, S

(n)
ι

”

Ln

‚‚‚u − P
S

(n)
ι

(u)
‚‚‚

d
“
u, S

(n)
ι

” <= 1.

Concluding, for Example 8,

‚‚Θ′
n(u)

‚‚ <= 1, ∀u ∈ H, ∀n >= 0. (9)

In particular, ‖Θ′
n(un)‖ <= 1, ∀n >= 0. Hence, by Theorem 7.3.a,

we get limn→∞ Θn(un) = 0 for Example 8. 2

Proof of Proposition 9.1.b and Proposition 9.1.c.

We have already seen above that the conditions in Theorem 7.1.a

and in Theorem 7.2.a are satisfied. Moreover, by assumption, the

condition in Theorem 7.2.b also holds. Thus, Proposition 9.1.b is

proved for Example 8.

By (9), the sequence (Θ′
n(bu))n∈Z>=0

is bounded for Example 8.

Hence, by Theorem 7.3.b, Proposition 9.1.c holds. 2

Proof of Proposition 9.2.

An inspection of Theorem 7.4.b suggests that our task will be over

as soon as we show that ∀ε > 0, ∀r > 0, ∃δ > 0 s.t.

inf
d(un,lev<=0(Θn))>=ε, ‖un−ũ‖<=r,

n>=0

Θn(un) >= δ.

For any ε, r > 0, define O := {n ∈ Z>=0 : d(un, lev<=0(Θn)) >= ε,

‖un − ũ‖ <= r}. Fix n ∈ O arbitrarily. Notice that there exists ρ >

0 s.t. B(ũ, ρ) ⊂ Ω = Fix(T ) ∩
“T

k>=0 lev<=0(Θk)
”

⊂ lev<=0(Θn).

It is easy also to verify that ε
2r

< 1 by

2r > r >= ‖un − ũ‖ >= d
“
un, lev<=0(Θn)

”
>= ε.

Let, then, t := 1− ε
2r

and notice that the point ut := (1−t)ũ+tun

satisfies ‖ut − un‖ <=
ε
2
. This implies that ut /∈ lev<=0(Θn).

Notice that for Example 8 lev<=0(Θn) =
T

ι∈In
S

(n)
ι . Hence,

ut /∈ lev<=0(Θn) is equivalent to ∃ι0 ∈ In s.t. ut /∈ S
(n)
ι0 . However,

by Fact 1 and B(ũ, ρ) ⊂ Ω, we obtain that

d
“
un, S

(n)
ι0

”
> ρ

1 − t

t
= ρ

ε

2r − ε
.

Now,

Θn(un) =
1

Ln

X

ι∈In

ω
(n)
ι d2

“
un, S

(n)
ι

”
>=

1

Ln
ω

(n)
ι0 d2

“
un, S

(n)
ι0

”

>
ω0ρ2

r

ε2

(2r − ε)2
, (10)

since d
“
un, S

(n)
ι

”
<= d

“
un, lev<=0(Θn)

”
<= ‖un − ũ‖ <= r, ∀ι ∈ In,

and thus Ln < r. Hence, we can choose a δ > 0, e.g., 0 < δ <=
ω0ρ2

r
ε2

(2r−ε)2
, s.t. Θn(un) >= δ > 0, ∀n ∈ O. This completes the
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